Volume 5

Issue 1

Article 7

Analytical wave solutions of the space time fractional modified regularized
long wave equation involving the conformable fractional derivative
M. Hafiz Uddin
Jessore University of Science and Technology, hafiz_uddin81@yahoo.com

Md. Ashrafuzzaman Khan
University of Rajshahi, akhanmath@yahoo.com

M. Ali Akbar
University of Rajshahi, ali_math74@yahoo.com

Md. Abdul Haque
University of Rajshahi, k.khanru@yahoo.com

Follow this and additional works at: https://kijoms.uokerbala.edu.iq/home
Part of the Mathematics Commons, Other Physics Commons, and the Partial Differential Equations Commons

Recommended Citation
Uddin, M. Hafiz; Khan, Md. Ashrafuzzaman; Akbar, M. Ali; and Haque, Md. Abdul (2019) "Analytical wave solutions of
the space time fractional modified regularized long wave equation involving the conformable fractional derivative,"
Karbala International Journal of Modern Science: Vol. 5 : Iss. 1 , Article 7.
Available at: https://doi.org/10.33640/2405-609X.1010

This Research Paper is brought to you for free and open access
by Karbala International Journal of Modern Science. It has been
accepted for inclusion in Karbala International Journal of
Modern Science by an authorized editor of Karbala International
Journal of Modern Science.

Analytical wave solutions of the space time fractional modified regularized long
wave equation involving the conformable fractional derivative
Abstract
The space time fractional modified regularized long wave equation is a model equation to the
gravitational water waves in the long-wave occupancy, shallow waters waves in coastal seas, the hydromagnetic waves in cold plasma, the phonetic waves in dissident quartz and phonetic gravitational waves
in contractible liquids. In nonlinear science and engineering, the mentioned equation is applied to analyze
the one way tract of long waves in seas and harbors. In this study, the closed form traveling wave
solutions to the above equation are evaluated due to conformable fractional derivatives through double
(G'⁄G,1⁄G)-expansion method and the Exp-function method. The existence of chain rule and the derivative
of composite function permit the nonlinear fractional differential equations (NLFDEs) converted into
ODEs using wave transformation. The obtain solutions are very much effective to analyze the gravitational
water waves in the long-wave occupancy, shallow waters waves in coastal seas, one way tract of long
waves in seas and harbors. These two methods are efficient, convenient, and computationally attractive.
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1. Introduction
Fractional calculus and hence the fractional order
nonlinear partial differential equations have drown the
great attention to many researchers for their importance to depict the inner mechanisms of the nature of
real world. The fractional order differential equations
are broadly used as generalizations of conventional
differential equations with integral order to explain
different intricate phenomena in numerous fields
including the diffusion of biological populations, the
signal processing, plasma physics, optical fiber,
chemical kinematics, solid state physics, electric circuit, fluid flow, control theory and other areas [1e6].
The fractional order models perform various scale,
namely, nanoscale, microscale, mesoscale and macroscale. The human body extremely prepared poly-layer
part is especially competent model system for
employing fractional calculus. Thus, the exploration of
exact solutions to NLFDEs is becoming the key interest to the researchers and plays substantial role in
nonlinear science. As a result, various methods have
been established for searching the exact solution to
NLFDEs, for example, the Adomian's decomposition
method [7e9], the differential transformation method
[10,11], the variational iteration method [12e14], the
homotopy analysis method [15,16], the homotopy
perturbation method [17,18], the finite element method
[19], the ðG0 =GÞ -expansion method [20e24], the expfunction method [25e27], the fractional sub-equation
method [28e30], the first integral method [31,32], the
double ðG0 =G; 1=GÞ -expansion method [33e35] and
many more.
The suggested equation is a model equation to the
gravity water waves, shallow waters waves in coastal
seas, the hydro-magnetic waves in cold plasma and
phonetic gravitational waves in contractible liquids.
The above mentioned equation has been investigated
for its exact analytic solutions through the improved
Riccati expansion method [36]. Kaplan et al. [37] also
has recently constructed exact solutions to the same
equation by means of the MSE method. To our
comprehension, the suggested equation has not been
studied through the double ðG0 =G ; 1=GÞ -expansion
method and Exp-function method. So, the goal of this
study is to establish some fresh and further general
exact solutions to above mentioned equation using the
double ðG0 =G; 1=GÞ -expansion method and Expfunction method.

The remaining part of the article is scheduled as:
In section 2, we have introduced the definition and
preliminaries, in section 3, the double ðG0 =G; 1=GÞ
-expansion method and the Exp-function method
have been described. In section 4, we have established the exact solution to the suggested equation by
above mentioned methods. In section 5, we have
exposed the graphical representation and discussion
and also in section 6, comparisons of results have
been drawn. In lattermost part the conclusions are
given.
2. Definition and preliminaries
Suppose f : ½0; ∞/ℝ, be a function. The a -order
“conformable derivative’’ of f is stated as [38]:
f ðt þ 3t1a Þ  f ðtÞ
3/0
3

Ta ðf ÞðtÞ ¼ lim

ð2:1Þ

For every t > 0; a2ð0; 1Þ. If f is a -differentiable in
some ð0; aÞ, a > 0, and limþ f ðaÞ ðtÞ exists, then define
t/0

f ðaÞ ð0Þ ¼ limþ f ðaÞ ðtÞ. The following theorems point
t/0

out few axioms that are satisfied conformable
derivative.
Theorem 1. Consider a2½0; 1 and let us supposed f ; g
be a-differentiable at a point t > 0. Therefore





Ta ðcf þ dgÞ ¼ cTa ðf Þ þ dTa ðgÞ, for all c; d2ℝ
Ta ðtp Þ ¼ ptpa , for all p2ℝ
Ta ðcÞ ¼ 0, for all constant functionf ðtÞ ¼ c.
Ta ðfgÞ
  ¼ fTa ðgÞ þ gTa ðf Þ.

 Ta

f
g

¼

gTa ðf ÞfTa ðgÞ
.
g2

 In addition, if f is differentiable, then Ta ðf ÞðtÞ ¼
t1a df
dt .
Some more properties including the chain rule,
Gronwall's inequality, some integration techniques,
Laplace transform, Tailor series expansion and exponential function with respect to the conformable fractional derivative are explained in Ref. [38].
Theorem 2. Let f be an a-differentiable function in
conformable differentiable and suppose that g is also
differentiable and defined in the range of f . Then
Ta ðf +gÞðtÞ ¼ t1a g0 ðtÞfg ðtÞ:

ð2:2Þ
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3. Outline of the methods

j2 ¼

In this part, we discuss the principal part of proposed methods to examine exact traveling wave solutions to the NLFDEs. Supposed the general NLFDE is
as form


P u; Dat u; Dbx u; Dat Dat u; Dat Dbx u; Dbx Dbx ; … … …
¼ 0; 0 < a  1; 0 < b  1;
ð3:1Þ
here u represents an unidentified function of spatial
derivative x and temporal derivative tand Prepresents a
polynomial of uðx; tÞ and its derivatives in which the
maximum order of derivatives and nonlinear terms of
the maximum order are associated. Consider the wave
transformation
x¼k

xb
ta
þ c ; uðx; tÞ ¼ uðxÞ;
b
a

ð3:2Þ

where c and k are non-zero arbitrary constants.
Applying this wave transformation in (3.1), it is
rewritten as:


00
00
R u; u0 ; u ; u 0 ; … … … ¼ 0;
ð3:3Þ
here the superscripts indicate the ordinary derivative of u.
3.1. The doubleðG0 =G; 1=GÞ-expansion method
In this subsection, the core part of the double (G0 =G;
1=G)-expansion method to evaluate the exact traveling
wave solution of the NLFDEs has been illustrated. Let us
suppose the ordinary differential equation of order two
00

G ðxÞ þ lGðxÞ ¼ m

ð3:4Þ

and the following relations
f ¼ G0 =G; j ¼ 1=G:

ð3:5Þ

Thus, it provides
0

f ¼ f2 þ mj  l; j0 ¼ fj:

ð3:6Þ

The solutions to Eq. (3.4) depend on las l < 0; l > 0
and l ¼ 0.
When l < 0, the general solution to Eq. (3.4) is
pﬃﬃﬃﬃﬃﬃﬃ 
pﬃﬃﬃﬃﬃﬃﬃ  m
GðxÞ ¼ A1 sinh l x þ A2 cosh l x þ ;
l
ð3:7Þ
In view of that, we obtain


l  2
f  2mj þ l ;
2
l sþm
2

where s ¼ A21  A22 .
If l > 0, the solution to (3.4) as follows:
pﬃﬃﬃ 
pﬃﬃﬃ  m
GðxÞ ¼ A1 sin l x þ A2 cos l x þ ;
l
As a result, we attain
 2

l
j2 ¼ 2
f  2mj þ l ;
2
l sm
where s ¼ A21 þ A22 .
When l ¼ 0, the solution to Eq. (3.4) is
m
GðxÞ ¼ x2 þ A1 x þ A2 ;
2
Therefore, we find

 2
1
j2 ¼ 2
f  2mj :
A1  2mA2

ð3:8Þ

ð3:9Þ

ð3:10Þ

ð3:11Þ

ð3:12Þ

where A1 and A2 are arbitrary constants.
Step 1: Consider the solution to (3.3) have been
revealed as a polynomial inf and j of the prescribe type:
uðxÞ ¼

N
X
i¼0

ai f i þ

N
X

bi fi1 j;

ð3:13Þ

i¼1

Where inai ,bi are constants can be evaluated afterword.
Step 2: Balancing the maximum number of derivatives in linear and nonlinear terms appearing in Eq.
(3.3) fixed the positive integerN.
Step 3: Setting (3.13) into (3.3) together with (3.6)
and (3.8) it reduces to a polynomial in f and j, where
degree of j is single. Comparing the like terms of
polynomial to zero gives an arrangement of algebraic
equations that is probed by utilizing computational
software yields the values of ai ; bi ; m; A1 ; A2 and l where
l < 0, which provide hyperbolic function solutions.
Step 4: Likewise, we inspect the values of
ai ; bi ; m; A1 ; A2 and l when l > 0 and l ¼ 0, yield the
trigonometric and rational solutions separately.
3.2. The Exp-function method
In this subsection, the principal parts of the Expfunction technique are portrayed for searching the
traveling wave solution to the NLFDEs.
Step 1: As indicated by the Exp-function technique,
the arrangement is to be communicated in the shape
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Pd
pn expðnxÞ
;
uðxÞ ¼ Pqn¼c
q
m¼p m expðmxÞ

ð3:14Þ

where c; d; p and q are unknown positive integer which
can be evaluated afterwards and pn ,qm are unidentified
constants.
Step 2: We balance the maximum order nonlinear
term and the linear term of maximum order in (3.3) and
substitute (3.14) into (3.3) evaluated c and p, and the
balance of lowest order linear and nonlinear terms
yield the values of d and q.
Step 3: Substitute (3.14) into (3.3) and compare expðnxÞ
to zero, acquire an arrangement of set of equations for pn,
qm , c and k. Then, unravel the set along with the guide of
computer software like Maple to decide the constants.
Step 4: Substituting the values showed up in Step 3 into
(3.14), we get exact solutions to the NLFDEs in (3.1).
4. Formulation of the solutions
In this part, we search further comprehensive analytic wave solutions for desired equation by means of
above suggested methods. Let us assume that the
regularized long wave equation is as follows:
Dat u þ vDax u þ hu2 Dax u  tDat D2a
x u ¼ 0; 0 < a  1;
ð4:1Þ
wheret; h; v are arbitrary constants. This equation was
first inferred by Benjamin et al. [39] in 1972 to assign
estimation for surface long waves in oceans and harbor.
It is regarded as the variant to the KdV equation which
exhibited to oversee a substantial number, for example,
shallow waters and plasma waves in beach front oceans.
It is competent to search the scientific model of gravitational water waves in the long-wave occupancy, the
phonetic waves in dissident quartz, the hydro-magnetic

ta
x ¼ x þ u ; uðx; tÞ ¼ uðxÞ;
a

47

ð4:2Þ

where u be the velocity of traveling wave. Utilizing Eq.
(4.2), into Eq. (4.1) reduces to the next integral order
ordinary differential equation (ODE):
ðu þ vÞu0 þ hu2 u0  utu000 ¼ 0:

ð4:3Þ

Integrating (4.3) with zero constant, we attain
ðu þ vÞu þ

hu3
00
 tuu ¼ 0:
3

ð4:4Þ

4.1. Solutions due to the double ðG'=G; 1=GÞ-expansion method
Assuming homogeneous equivalence to the
maximum order derivative and the maximum order
nonlinear term showing up in Eq. (4.4), the arrangement Eq. (3.13) takes the shape:
uðxÞ ¼ a0 þ a1 fðxÞ þ b1 jðxÞ;

ð4:5Þ

here a0 ; a1 ,b1 are constants to be resolved.
Case 1. For l < 0, embedding Eq. (4.5) into (4.4)
alongside with Eqs. (3.6) and (3.8) yields an arrangement of mathematical equations and explaining these
arithmetical equations by utilizing computer algebra
like Maple, we accomplish the subsequent outcomes:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3vt
a0 ¼ 0; a1 ¼ ±
;
hðtl  2Þ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


3vt m2 þ l2 s
2v
:
b1 ¼ ±
; and u ¼
tl  2
hlðtl  2Þ
Inserting the on top of values into (4.5), we find the
solution to Eq. (4.1) in the form:

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃ 



 sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2v ta
2v ta
l A1 cosh l x þ tl2
sinh
l
x
þ
3vt m2 þ l2 s
þ
A
3vt
2
a
tl2 a
p
ﬃﬃﬃﬃﬃﬃ
ﬃ
p
ﬃﬃﬃﬃﬃﬃ
ﬃ
u11 ðx; tÞ ¼ ±


 m ±




2v ta
2v ta
hlðtl  2Þ
hðtl  2Þ
þ A2 cosh l x þ tl2
þl
A1 sinh l x þ tl2
a
a


1

 m
pﬃﬃﬃﬃﬃﬃﬃ 
pﬃﬃﬃﬃﬃﬃﬃ 
2v ta
2v ta
þl
A1 sinh l x þ tl2 a þ A2 cosh l x þ tl2
a
ð4:6Þ

waves in chill plasma and phonetic gravitational waves
in contractible liquids. For Eq. (4.1), we recommend the
subsequent transformation

where s ¼ A21  A22 .Since A1 and A2 are basic constants, one might chose self-assertively theirs values.
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Hence by setting A1 ¼ 0 A2 s0(or A1 s0, A2 ¼ 0) and
m ¼ 0 in (4.6), we find the solitary wave solution
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃ
3vt
u12 ðx; tÞ ¼ ±
 ltanh
hðtl  2Þ



pﬃﬃﬃﬃﬃﬃﬃ
2v ta
l x þ
tl  2 a
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ



pﬃﬃﬃﬃﬃﬃﬃ
3vtls
2v ta
l x þ
±
 sech
:
hðtl  2Þ
tl  2 a
ð4:7Þ

c and k and solving these equations, we get the
following results:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3vt
;
a0 ¼ 0; a1 ¼ ±
hðtl  2Þ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

ﬃ
3vt l2 s  m2
2v
:
b1 ¼ ±
; and u ¼
tl  2
hlðtl  2Þ
The substitution of these outcomes in Eq. (4.5)
possesses the following expression for the general solution of Eq. (4.1):

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃ
pﬃﬃﬃ
pﬃﬃﬃ 
 2

 sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
2v ta
2v ta
2
sin
l
x
þ
3vt
l
s

m
l A1 cos l x þ tl2

A
3vt
2
tl2 a
u14 ðx; tÞ ¼ ±

 a
 m ±
pﬃﬃﬃ 
pﬃﬃﬃ 
2v ta
2v ta
hðtl  2Þ A1 sin l x þ tl2
hlðtl  2Þ
þ A2 cos l x þ tl2
þl
a
a


A1 sin

1
pﬃﬃﬃ 
pﬃﬃﬃ

 m
2v ta
2v ta
l x þ tl2
þ
A2 cos l x þ tl2
þl
a
a

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃ
3vt
u13 ðx; tÞ ¼±
 lcoth
hðtl  2Þ



pﬃﬃﬃﬃﬃﬃﬃ
2v ta
l x þ
tl  2 a

ð4:9Þ

where s ¼ A21 þ A22 .
If the unknown parameters are assigned as A1 ¼ 0
A2 s0 (or A1 s0, A2 ¼ 0) and m ¼ 0 in Eq. (4.9), we
acquire the solitary wave solution

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 
 
 sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

pﬃﬃﬃ
pﬃﬃﬃ
pﬃﬃﬃ
3vt
2v ta
3vtls
2v ta
u15 ðx; tÞ ¼ ±
 ltan
l xþ
 sec
l xþ
±
:
hðtl  2Þ
tl  2 a
hðtl  2Þ
tl  2 a

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 
 
 sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

pﬃﬃﬃ
pﬃﬃﬃ
pﬃﬃﬃ
3vt
2v ta
3vtls
2v ta
l xþ
l xþ
u16 ðx; tÞ ¼ ±
 lcot
 cosec
±
:
hðtl  2Þ
tl  2 a
hðtl  2Þ
tl  2 a

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ



pﬃﬃﬃﬃﬃﬃﬃ
3vtls
2v ta
±
l x þ
 cosech
:
hðtl  2Þ
tl  2 a
ð4:8Þ

Case 2. In a comparative way, when l > 0, substituting
Eq. (4.5) into (4.4) together with (3.6) and (3.10) yield
an arrangement of mathematical equations for a0 ;a1, b1 ,

ð4:10Þ

ð4:11Þ

Case 3. In the alike approach when l ¼ 0, using Eqs.
(4.5) and (4.4) along with(3.6) and (3.12), we will
achieve a set of mathematical equations, whose solutions are
sﬃﬃﬃﬃﬃﬃﬃ
3vt
a0 ¼ 0; a1 ¼ ±
; b1
2h
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6mA2 tv  3tA21 v
¼±
; and u ¼ v:
2h
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Making use of these values into Eq. (4.5), produces
the solution to Eq. (4.1) as
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sﬃﬃﬃﬃﬃﬃﬃ

a
m x  v ta þ A1
3vt
6mA2 tv  3tA21 v
1
 m
u17 ðx; tÞ ¼ ±
±
:
 m






2
a
ta
ta
ta 2
2h
2h
þ A1 x  v þ A2
þ A 1 x  v t þ A2
xv
xv
a

2

a

It is superb to see that the voyaging wave solutions
u11 - u17 of our desired equation are extensively new and
general. These gained solutions have not been recorded
in the former study. These solutions are convenient to
designate the gravitational water waves in the longwave occupancy, the phonetic waves in dissident
quartz and phonetic gravitational waves in contractible
liquid.
4.2. Solution by the Exp-function method

p1 expðxÞ þ p0 þ p1 expð  xÞ
:
q1 expðxÞ þ q0 þ q1 expð  xÞ

ð4:13Þ

u21 ðx; tÞ ¼ 

2
1 hp0 ðt1Þ
exp
24 q1 vt

Set 1: u ¼

v
t1,



v
x þ t1

p1 ¼

p1 q1
q1 ,

p0 ¼

p1 q0
q1 ,

p1 ¼ p1 , q1 ¼ q1 , q0 ¼ q0 and q1 ¼ q1 .
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2
2v
3vt
, p0 ¼ 0,
, p1 ¼  4q01 hðtþ2Þ
Set 7: u ¼  tþ2
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
q
3vt
, q1 ¼ 4q01 , q0 ¼ q0 and q1 ¼ q1 .
p1 ¼ q1 hðtþ2Þ
p1 ¼ p1 , q1 ¼
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
.
p1 hðtþ2Þ
3vt

3q20 vtþhp20 tþ2hp20
,
q1

2
2
tþ2hp20
1 3q0 vtþhp
p0ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ ,
12
hðtþ2Þ
p1 tv
3vt

vq21 þhp21
,
q21

p0 ¼ p0 ,

q0 ¼ q0 and q1 ¼

p1 ¼ p1 , p0 ¼ 0, p1 ¼ 0,

q1 ¼ q1 , q0 ¼ 0 and q1 ¼ 0.
In perspective of the above outcomes, we acquire
the following generalized solitary wave solutions for
h ¼  1.

p0


 :
v ta
þ q1 exp  x þ t1
a
a

ð4:14Þ

ta

hp20 ðt1Þ
q1 vt

.

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2v
3vt
,
, p1 ¼ 0, p0 ¼  q0 hðtþ2Þ
Set 2: u ¼  tþ2
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3vt
p1 ¼ q1 hðtþ2Þ
, q1 ¼ 0, q0 ¼ q0 and q1 ¼ q1 .
3q20 vþhp20
,
q20

qﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2v ta
3vt
x  tþ2
 q0 ðtþ2Þ
a


:
2v ta
þ q0
q1 exp x  tþ2
a

qﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u22 ðx:tÞ ¼

q1

3vt
ðtþ2Þexp



ð4:15Þ

q1 ¼ p0qq01 , p0 ¼ p0 , p1 ¼

0, q1 ¼ q1 , q0 ¼ q0 and q1 ¼ 0.
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2v
3vt
Set 4: u ¼  tþ2
, p0 ¼
, p1 ¼  q1 hðtþ2Þ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3vt
, p1 ¼ 0, q1 ¼ q1 , q0 ¼ q0 and
q0 hðtþ2Þ
q1 ¼ 0.

2
2
1 hp1 þ3vq1
,
3
q21

Set 6: u ¼ 

p1 ¼ 0, p0 ¼ p0 , p1 ¼ 0, q1 ¼

1
q1 , q0 ¼ 0 and q1 ¼ 24

Set 3: u ¼  13

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v
6vt
, p0 ¼ 0,
, p1 ¼  q1 hð2tþ1Þ
Set 5: u ¼  2tþ2
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6vt
, q1 ¼ q1 , q0 ¼ 0 and q1 ¼ q1 .
p1 ¼ q1 hð2tþ1Þ

Set 9: u ¼ 13

Substituting Eq. (4.13) into (4.4), leads a equation
in expðnxÞ, where n is any whole number. Inserting
each coefficient of this equation to zero, yields a
cluster of mathematical equations (For straightforwardness we discarded here) for pi 's, qi 's and u.Solving
this mathematical equations by computer algebra like
Maple provides the results:

ð4:12Þ

a

2v
Set 8: u ¼  tþ2
, p1 ¼ 14

Considering the homogeneous equivalence the solution of Eq. (3.14) takes the form:
uðxÞ ¼

a

2

h 
i
3q2 vp2 a
p0 þ p0qq01 exp  x  13 0q2 0 ta
0
h 
i :
u23 ðx; tÞ ¼
2
2
1 3q0 vp0 ta
q0 þ q1 exp  x  3 q2 a
0

ð4:16Þ
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qﬃﬃﬃﬃﬃﬃﬃﬃ
u24 ðx; tÞ ¼

q0

qﬃﬃﬃﬃﬃﬃﬃﬃ



2v ta
 x  tþ2
a


:
2v ta
q0 þ q1 exp  x  tþ2
a

3vt
 q1
ðtþ2Þ

3vt
exp
ðtþ2Þ

ð4:17Þ

Puttingp1 ¼ q1 ¼ q1 and b0 ¼ 0 in Eq. (4.19)
produces the kink type solution.


1 p21 þ 3vq21 ta
u212 ðx; tÞ ¼ tanh x þ
:
ð4:25Þ
3
q21
a

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u25 ðx; tÞ ¼

q1

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ




v ta
6vt
v ta
exp x  2tþ1
exp  x  2tþ1
 q1 ð2tþ1Þ
a
a




:
v ta
v ta
q1 exp x  2tþ1
þ q1 exp  x  2tþ1
a
a

6vt
ð2tþ1Þ

h 
i
i
p2 þ3vq2 a
p2 þ3vq2 a
x þ 13 1 q2 1 ta þ pq1 q1 0 þ p1qq11 exp  x þ 13 1 b2 1 ta
1
1
h
h 
i
i :
u26 ðx; tÞ ¼
p2 þ3vq2 a
p2 þ3vq2 a
q1 exp x þ 13 1 q2 1 ta þ q0 þ q1 exp  x þ 13 1 q2 1 ta

ð4:18Þ

h

p1 exp

1

ð4:19Þ

1

qﬃﬃﬃﬃﬃﬃﬃﬃ
u27 ðx; tÞ ¼

q1

qﬃﬃﬃﬃﬃﬃﬃﬃ




q2
2v ta
3vt
2v ta
exp x  tþ2
exp  x  tþ2
 4q01 ðtþ2Þ
a
a
:




q2
2v ta
2v ta
q1 exp x  tþ2
þ q0 þ 4q01 exp  x  tþ2
a
a
3vt
ðtþ2Þ





3q2 vtp2 t2p20
2v ta
2v ta
þ p0 þ 14 0 q10
p1 exp x  tþ2
exp  x  tþ2
a
a
u28 ðx; tÞ ¼ qﬃﬃﬃﬃﬃﬃﬃﬃ



2
2 t2p2
 :
2v ta
1 3q0 vtp
2v ta
0 ﬃﬃﬃﬃﬃﬃﬃ 0
p
exp

x

exp
x

þ
p1 ðtþ2Þ
þ
q
0
tþ2 a
12
tþ2 a
3vt
ðtþ2Þ
p1 tv

h 
p1 exp  x  13
h 
u29 ðx; tÞ ¼
q1 exp  x  13

vq21 þhp21 ta
a
q21
vq21 þhp21 ta
a
q21

ð4:21Þ

3vt

i
i

ð4:20Þ

ð4:22Þ

In particular case if q1 ¼ q1 , Eq. (4.18) is
simplified and offers the kink type solution of the form:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


6vt
v ta
u210 ðx; tÞ ¼
tanh x 
:
ð4:23Þ
ð2t þ 1Þ
2t þ 1 a
The choice q1 ¼ q1 in Eq. (4.18) gives another
kink type solution.
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


6vt
v ta
u211 ðx; tÞ ¼
coth x 
:
ð4:24Þ
ð2t þ 1Þ
2t þ 1 a

By setting p1 ¼ q1 ¼ q1 and b0 ¼ 0 in Eq. (4.19)
gives another kink type solution.


1 p21 þ 3vq21 ta
u213 ðx; tÞ ¼ coth x þ
:
ð4:26Þ
3
q21
a
Inserting q0 ¼ 2q1 ¼ 2q1 and q0 ¼ 2q1 ¼ 
2q1 in Eq. (4.20) yields the solutions.
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3vt
1


:

u214 ðx;tÞ ¼
2v ta
2v ta
ðtþ 2Þ coth x  tþ2
þ
cosech x tþ2
a
a
ð4:27Þ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3vt
1



:
u215 ðx; tÞ ¼
2v ta
2v ta
ðt þ 2Þ tanh x  tþ2
þ
sech x  tþ2
a
a
ð4:28Þ
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It is notable to comprehend that the voyaging wave
solutions (4.22)e(4.28) of the suggested equation are
new and especially essential on the grounds that these
solutions were not founded in the earlier investigations.
This diffusion equation is significant in various physical phenomena. It is inferred to assign a guess for the
gravitational water waves in the long-wave occupancy,
the phonetic waves in dissident quartz and the hydromagnetic waves in cool plasma.
5. Graphical representation and discussion
In this section, the graphical representation and
discussion to the obtained solutions of NLFDE over
suggested equations are depicted. Solutions u12 ðx; tÞ,
u210 ðx; tÞ,u212 ðx; tÞ and u214 ðx; tÞ represents kink type.
Kink waves are one kind of traveling waves which rise
from one asymptotic state to another. Fig. 1 represent
the nature of the kink type solution of u12 ðx; tÞ. The
nature of the shape of solution u12 ðx; tÞ is analogous to
the figure of solution u210 ðx; tÞ, u212 ðx; tÞand u214 ðx;
tÞtherefore for simplicity the nature of these solutions
are excluded here. The solutions u16 ðx; tÞ, u211 ðx; tÞand
u215 ðx; tÞ obtained in this study are the single solitons
solutions. Fig. 2 shows the nature of the exact singular
solitons solution of u16 ðx; tÞ of the general time fractional regularized long wave equation. The shape of
solutionsu211 ðx; tÞ and u215 ðx; tÞ is analogous to the
shape of solutionu16 ðx;tÞ, consequently for convenience
these
solutions
are
omitted
here.
Solutionsu13 ðx; tÞu15 ðx; tÞ and u213 ðx; tÞ denote the exact
periodic traveling wave solutions. Periodic solutions are
traveling wave solutions which are periodic. Fig. 3
indicate the nature of the spike solution of u13 ðx;tÞ. The

Fig. 2. Sketch of single soliton wave of u16 ðx; tÞ if l ¼ 1, v ¼ 1, t ¼
 1; h ¼ 1 ; s ¼ 1, a ¼ 1=2 and  10  x; t  10.

Fig. 3. Shape of spike wave of u13 ðx; tÞ if l ¼  1, v ¼ 1, t ¼ 1;
h ¼  1 ; s ¼ 1, a ¼ 1=2 and  10  x; t  10.

figure of solutionsu15 ðx; tÞand u213 ðx; tÞ is eliminated
here for minimalism. In the end, the solutions u17 ðx;
tÞrepresents the singular kink type. Fig. 4 denotes the
exact singular kink type solution of u17 ðx; tÞ.
6. Comparison of results

Fig. 1. Sketch of kink wave of u12 ðx; tÞ if l ¼  1, v ¼ 1, t ¼ 1;
h ¼  1 ; s ¼ 1, a ¼ 1=2 and.  10  x; t  10

It is remarkable to observe that some of the obtained
solutions demonstrate good similarity with earlier
established solutions. A comparison between AbdelSalam and Gumma [36] solutions and our obtained
solutions is presented in Tables 1 and 2.
The hyperbolic function solutions referred to the
above Table is similar and if we set definite values of
the arbitrary constants they are identical. It is substantial to understand that the traveling wave

52

M.H. Uddin et al. / Karbala International Journal of Modern Science 5 (2019) 45e54

solutionu1mRLW in Eq. (37) and our achieve solutionsu12 ðx; tÞ, u210 ðx; tÞ; u212 ðx; tÞare identical if we
set definite values of arbitrary constants (Appendix
A). Once more, the solution u2mRLW of [36] in Eq. (38)
and
our
obtained
solutions
u13 ðx;
tÞ,
u211 ðx; tÞ; u213 ðx; tÞ are coincides if we select definite
values of arbitrary constants (Appendix B).
7. Conclusion
In this study, we have obtained some fresh and
further general traveling wave solutions to the NLFDE,
the fractional modified regularized long wave equation.
The achieved solutions and their advantages are listed
below:
Fig. 4. Shape of singular kink type wave of u17 ðx; tÞ if m ¼ 2, A1 ¼
 1, A2 ¼ 1, v ¼  1, t ¼ 1; h ¼ 1; a ¼ 1=2 and  10  x;
t  10.

solutionu15 ðx; tÞ, u16 ðx; tÞ, u17 ðx; tÞu212 ðx; tÞ, u213 ðx; tÞ,
u214 ðx; tÞ and u15 ðx; tÞof the fractional modified regularized long wave equation are all new and very much
important which were not originate in the previous
work. These solutions are significant in various physical phenomena.
It is interesting to observe that if a ¼ 1 to our
obtained solution the conformable fractional derivatives go into the ordinary derivative and the results
coincides to some known solution of modified regularized long wave equation. In Ref. [36] the

 The achieved solutions for this equation are
competent to examine the scientific model of
gravity water waves in shallow water.
 It is capable to investigate plasma waves in seaside
oceans and break down the unidirectional spread of
long waves in oceans and harbor.
 Additionally, the solutions is capable to clarify
diverse physical incident, for example, the hydromagnetic waves in cold plasma, the phonetic
waves in dissident quartz and phonetic gravitational waves in contractible liquid.
The strength of the double ðG0 =G; 1=GÞ-expansion
and the Exp-function methods are predictable,

Table 1
Comparison between Abdel-Salam and Gumma solution and our solution by double ðG'=G; 1=GÞ-expansion method.
Abdel-Salam and Gumma solution [36]

Solutions obtained in this article

If B2  4AC > 0 and BCs0 the solution in Eq. (34) becomes:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3vtðB2  4ACÞ
U1 ðxÞ ¼ ± 
tanhð0:5 B2  4ACx; aÞ
mð2 þ B2 t  4ACtÞ

If s ¼ 0 in solution (4.7) then our solution u12 ðx; tÞ becomes:



rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
3vt
2v ta
 ltanh
l x þ
u12 ðx; tÞ ¼ ±
hðtl  2Þ
tl  2 a

If B2  4AC > 0 and BCs0 the solution in Eq. (35) becomes:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3vtðB2  4ACÞ
U2 ðxÞ ¼ ± 
cothð0:5 B2  4ACx; aÞ
2
mð2 þ B t  4ACtÞ

If s ¼ 0 in the solution (4.8), then the obtained solution u13 ðx; tÞ becomes:



rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
3vt
2v ta
u13 ðx; tÞ ¼ ±
 lcoth
l x þ
hðtl  2Þ
tl  2 a

Table 2
Comparison between Abdel-Salam and Gumma solution and our solution by Exp-function method.
Abdel-Salam and Gumma [36]

Obtained solutions

If B2  4AC > 0 and BCs0, the solution in Eq. (34) becomes:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3vtðB2  4ACÞ
U1 ðxÞ ¼ ± 
tanhð0:5 B2  4ACx; aÞ
mð2 þ B2 t  4ACtÞ

If we put q1 ¼ q1 in solution (4.18) then our solution u210 ðx; tÞ becomes:
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


6vt
v ta
tanh x 
u210 ðx; tÞ ¼
ð2t þ 1Þ
2t þ 1 a

If B2  4AC > 0 and BCs0, the solution in Eq. (35) becomes:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3vtðB2  4ACÞ
U2 ðxÞ ¼ ± 
cothð0:5 B2  4ACx; aÞ
mð2 þ B2 t  4ACtÞ

If we set q1 ¼ q1 in solution (4.18) then our solution u211 ðx; tÞ becomes:
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


6vt
v ta
coth x 
u211 ðx; tÞ ¼
ð2t þ 1Þ
2t þ 1 a
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dependable and computationally appealing. We guarantee that the recommended methods may assume
huge job in additionally inquire about.
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0:5 B2  4ACx :
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